Abstract. In this note we prove that any twisted strong Bruhat order on an affine Weyl group is locally finite, strengthening a result of Dyer in J. Algebra, 163, 861-879 (1994). We also show that for a non-finite and noncofinite biclosed set B in the positive system of an affine root system with rank greater than 2, the set of elements having a fixed B-twisted length is infinite. This implies that the twisted strong and weak Bruhat orders have an infinite antichain in those cases.
Introduction
Twisted strong and weak Bruhat orders on a Coxeter group were introduced by Dyer and the author respectively. These generalizations of the ordinary strong and weak Bruhat orders have found connections with problems related to reflection orders, representation theory and combinatorics of infinite reduced words. In [6] it is shown that Kazhdan-Lusztig type polynomials can be defined for certain intervals of the twisted strong Bruhat orders and these polynomials are used to formulate a conjecture regarding the representation of Kac-Moody Lie algebras. In [11] , twisted strong Bruhat order is studied for the twisted filtration of the Soergel bimodules. In [3] , twisted strong Bruhat order is related to the poset of B × B-orbits on the wonderful compactification of algebraic groups. In [17] , the semilattice property of the twisted weak Bruhat order is shown to characterize the biclosed sets arising from the infinite reduced words in affine cases.
In this paper, we prove a couple of properties regarding the structure of twisted Bruhat orders which are not previously known. First we study finite intervals of the twisted strong Bruhat orders. Finite intervals are of particular importance as the Kazhdan-Lusztig type polynomials in [6] can only be defined for finite intervals with other favorable properties. It is not previously known whether for any infinite biclosed set B, the B-twisted strong Bruhat order on an affine Weyl group is locally finite, i.e. any interval of this poset is finite. In [5] , Dyer gives a partial answer to the question, providing a technical condition guaranteeing the local finiteness. In section 3 we solve the problem in the positive, showing that such a poset is always locally finite. Indeed we prove a stronger fact for affine Weyl groups: the set {y|y ≤ B x, l B (x) − l B (y) = n} is finite for any x and biclosed set B. The proof exploits the explicit description of biclosed sets in the affine root system first given in [7] .
In Section 4, we show that while a twisted strong Bruhat order on an affine Weyl group is locally finite, the set of elements with a fixed twisted length is always infinite provided the twisting biclosed set is neither finite nor cofinite and the rank Date: June 13, 2019. of the affine Weyl group is greater than 2. This result implies that the twisted strong and weak Bruhat order has an infinite antichain in those cases. The proof makes use of the properties of twisted weak Bruhat order and an explicit description of the biclosed sets in the affine root system.
In Section 5, we present the structure of a twisted strong Bruhat order on the affine Weyl group W of type A 2 . Such a description of the structure of a twisted Bruhat order (which is not isomorphic to ordinary Bruhat order or its opposite) was only known for A 1 previously.
Preliminaries
Let B be a set. Denote by |B| the cardinality of B. We denote the disjoint union of sets by ⊎. We refer the reader to [1] and [14] for the basic notions of Coxeter groups and their root systems.
2.1. Biclosed Sets of Coxeter Groups. Let (W, S) be a Coxeter system. Denote by T the set of reflections. Given a root α, denote by s α the corresponding reflection. Let s ∈ S be a simple reflection. Denote by α s the corresponding simple root. For w ∈ W , the inversion set of w −1 is defined to be {α ∈ Φ + |w −1 (α) ∈ Φ − } and is denoted by N (w). For a general Coxeter system (W, S), Φ, Φ + , Φ − denote the set of roots, positive roots and negative roots respectively. We denote by l(w) the (usual) length of w ∈ W. A set Γ ⊂ Φ is closed if for any α, β ∈ Γ and
A set B ⊂ Γ such that both B and Γ\B are closed is called a biclosed set in Γ. Finite biclosed sets in Φ + are precisely inversion sets N (x) for some
We say a positive root β dominates another positive root α if β ∈ N (w) for some w ∈ W implies α ∈ N (w).
Suppose that W is infinite. An infinite sequence s 1 s 2 s 3 · · · , s i ∈ S is called an infinite reduced word of W provided that s 1 s 2 · · · s j is reduced for any j ≥ 1. For an infinite reduced word
Two infinite reduced words x, y are considered equal if N (x) = N (y). The inversion set of an infinite reduced word is biclosed in Φ + . A (finite) prefix of an infinite reduced word w is an element u in the Coxeter group W such that N (u) ⊂ N (w). The set of infinite reduced words of (W, S) is denoted by W l .
There exists a W -action on the set of all biclosed sets in Φ + given by w · B :
We shall call a set B in Φ + cofinite if Φ + \B is finite.
2.2.
Twisted Bruhat Order and Twisted Weak Bruhat Order. Let B be a biclosed set in Φ + . The left (resp. right) (B-)twisted length of an element of w ∈ W is defined as l(w) − 2|N (w −1 ) ∩ B| (resp. l(w) − 2|N (w) ∩ B|) and is denoted by l B (w) (resp. l 
One easily sees that the left twisted strong Bruhat order is isomorphic to the right twisted strong Bruhat order under the map w → w −1 . The left (resp. right) ∅−twisted strong Bruhat order is the ordinary Bruhat order. For x ∈ W it is known that the left (resp. right) N (x)−twisted strong Bruhat order is isomorphic to the ordinary Bruhat order. Following the convention in the literature, we consider the left twisted strong Bruhat orders instead of the right ones and often refer to left twisted strong Bruhat order as twisted Bruhat orders.
A closed interval [x, y] in a twisted (strong) Bruhat order is said to be spherical if any length 2 subinterval of it contains 4 elements. It is known that for a closed spherical interval [x, y] , the order complex of the corresponding open interval (x, y) is a sphere.
The left (resp. right) (B-)twisted weak Bruhat order ≤ ′ B on W is defined as follow:
The left B-twisted weak Bruhat order is isomorphic to the right B-twisted weak Bruhat order under the map w → w −1 . For x ∈ W it is known that the left (resp. right) N (x)−twisted weak Bruhat order is isomorphic to the ordinary left (resp. right) weak order. If x ≤ ′ B y (under the left (resp. right) B-twisted weak Bruhat order), one has that x ≤ B y (under the left (resp. right) B-twisted strong Bruhat order). The left (resp. right) ∅−twisted weak Bruhat order is the ordinary left (resp. right) weak Bruhat order. Following the convention in the literature, we consider the right twisted weak Bruhat orders instead of the left ones and often refer to right twisted weak Bruhat orders as twisted weak orders.
The (left) twisted (strong) Bruhat order (resp. (right) twisted weak (Bruhat) order) is graded by the left twisted length function (resp. right twisted length function). Suppose that u ≤ ′ B v (under the right B-twisted weak order). It is shown in [17] that one has a chain:
). We will refer to this property as the chain property of the twisted weak order and write u i ⊳ u i+1 .
Let B be an inversion set of an element in
is a complete meet semilattice (Chapter 3 of [1] ). Let B be the inversion set of an infinite reduced word. It is shown in [17] that (W, ≤ ′ B ) is a non-complete meet semilattice and for an affine Weyl group W , (W, ≤ ′ B ) is a non-complete meet semilattice only if B is the inversion set of an infinite reduced word.
2.3. Construction of Affine Weyl Groups and Their Root Systems. Let W be an irreducible Weyl group with the crystallographic root system Φ contained in the Euclidean space V . For these notions, see Chapter 1 of [14] . The root system of an (irreducible) affine Weyl group W (corresponding to W ) can be constructed as the "loop extension" of Φ. We describe such a construction. Let Φ + be the chosen standard positive system of Φ and let ∆ be the simple system of Φ + . Define a R−vector space V ′ = V ⊕ Rδ where δ is an indeterminate. Extend the inner product on V to V ′ by requiring (δ, v) = 0 for any
The set of roots of the affine Weyl group W , denoted by Φ, is Φ ∧ ⊎ −Φ ∧ . The set of positive roots and the set of negative roots are Φ ∧ and −Φ ∧ respectively. The set of simple roots is {α|α ∈ ∆} ∪ {δ − ρ} where ρ is the highest root in Φ + . Let α ∈ Φ be a root. The reflection
(α,α) α. The (irreducible) affine Weyl group W is generated by s α , α ∈ Φ. The simple reflections are the reflections in the simple roots of Φ ∧ . For v ∈ V , define the R−linear map t v which acts on
Note that s α+nδ = s α t −nα ∨ . Let T be the free Abelian group generated by {t γ ∨ |γ ∈ ∆}. Then it is known that W = W ⋉ T. Let π be the canonical projection from W to W .
2.4. Biclosed Sets of an Affine Weyl Group. Let Φ be a finite irreducible crystallographic root system with Φ + the standard positive system and ∆ the simple system. Suppose that ∆ ′ ⊂ Φ. Denote by Φ ∆ ′ the root subsystem generated by ∆ ′ . It is shown in [13] that the biclosed sets in Φ are those (Ψ + \Φ ∆1 ) ∪ Φ ∆2 where Ψ + is a positive system of Φ and ∆ 1 , ∆ 2 are two orthogonal subsets (i.e. (α, β) = 0 for any α ∈ ∆ 1 , β ∈ ∆ 2 ) of the simple system of Ψ + . For simplicity we denote the set (
The biclosed sets in Φ
∧ is determined in [7] . Let W ′ be the reflection subgroup of W generated by (
In particular a biclosed set
∧ by finite many roots.
Suppose that B is a biclosed set in
It is known that I B is biclosed in Φ. Those biclosed sets B such that I B = P (Ψ + , ∆ 1 , ∆ 2 ) are precisely the biclosed sets of the form
It is shown in [18] that if B is an inversion set of an element of the affine Weyl group W or an infinite reduced word in W l , then
The following theorem is proved in [18] Theorem 2.5. For an affine Weyl group, the biclosed sets which are inversion sets of infinite reduced words are precisely those of the form
Twisted Bruhat Orders on an Affine Weyl Group Are Locally Finite
In this section W is a finite irreducible Weyl group and W is the corresponding irreducible affine Weyl group. Denote by Φ the crystallographic root system of W and denote by Φ + a chosen standard positive system. Let α ∈ Φ. A finite δ-chain through α is a set {α + dδ|p ≤ d ≤ q} where p ≤ q are two integers.
(2) Let w ∈ W . Then w carries a finite δ-chain through α ∈ Φ to another finite δ-chain through some β ∈ Φ. In particular β = π(w)(α)
Proof. (1) is well known. See for example Lemma 4.1 in [18] . (2) follows from the formula
(1) N (s α+nδ ) has the following structure:
(2) If there exists a δ-chain through β beginning from β 0 in N (s α+nδ ) then there also exists a δ-chain through −s α (β) beginning from (−s α (β)) 0 in N (s α+nδ ). In addition, these two chains are of equal length.
Proof. (1) follows from Equation (3.1.1). To see (2) , one notes that (−s α (β), α) = (s α (β), −α) = (s α (β), s α (α)) = (β, α) and then uses (1).
Lemma 3.3. When n is sufficiently large, the inversion set N (ws α+nδ ) consists of some finite δ-chains (through roots in Φ) whose lengths are independent of n and the following δ-chains:
where β i ∈ Φ, 1 ≤ i ≤ t and one can pair each β i with some β j , j = i such that pβ i + pβ j = π(w)(α), p > 0. Furthermore when n is changed to n + 1, the increment of the length of the δ-chain through β i and that of the δ-chain through β j coincides.
Proof. By Lemma 4.1(e) of [9] N (ws α+nδ ) = (N (w)\(−wN (s α+nδ ))) ⊎ (wN (s α+nδ )\(−N (w))).
By Lemma 3.1 (1) N (w) consists some finite δ-chains through certain roots in Φ. Therefore we conclude that (N (w)\(−wN (s α+nδ ))) consists of some finite δ-chains (through roots in Φ) whose lengths are independent of n (when n is sufficiently large).
By Lemma 3.2 (1) and Lemma 3.1 (2), one sees that wN (s α+nδ ) ∩ Φ + = wN (s α+nδ )\(−N (w)) consists of δ-chains through certain roots in Φ and that when n grows the upper bound of the coefficient of δ in each of these chains grows accordingly.
Again Lemma 3.1 (1) forces that any δ-chain through a root β must start from β 0 in N (ws α+nδ ). Therefore we have shown that N (ws α+nδ ) consists of roots in the form as listed in the lemma. We still need to show the existence of the pairing described in the Lemma. Now suppose β i = π(w)(β). Then the root β j = π(w)(−s α (β)) satisfies the condition in this lemma thanks to Lemma 3.2 (2) . Note that the positivity of p follows from the fact (β, α) > 0 (note that (β, α) > 0 because otherwise the δ-chain through β will not appear in the inversion set of s α+nδ by Lemma 3.2 (1)).
Proof. We examine the set N (ws α+nδ ) for sufficiently large n. By Lemma 3.2 besides some finite δ-chain which will stay stationary when n grows, this set consists some finite δ-chain through roots in Φ which will grow when n grows, i.e.
Also one can pair those β i 's, for each β i one can find β j , j = i such that pβ i + pβ j = π(w)(α), p > 0. Furthermore when n is changed to n + 1 the increment of the length of the δ-chain through β i and that of the δ-chain through β j coincides. Now we consider the set I B = {α ∈ Φ|{α} ∧ ∩B is infinite}. Then I B is a biclosed set in Φ. Also by Lemma 5.10 in [7] for any α ∈ I B , there exists N α ∈ Z >0 such that α + nδ ∈ B for all n > N α . Suppose that π(w)(α) ∈ I B . Then for a pair of β i , β j either one of them is in I B and one of them is in Φ\I B or both of them are in I B since otherwise pβ i + pβ j = π(w)(α) has to be in Φ\I B by coclosedness of I B . So when n is changed to n + 1 more added roots in the inversion set N (ws α+nδ ) are in B than in Φ\B, making the twisted length decreasing.
Similarly if π(w)(α) ∈ I B one can deduce that when n is changed to n + 1 more added roots in the inversion set N (ws α+nδ ) are in Φ\B than in B, making the length increasing. Therefore we see that the twisted length tends to infinity as n → ∞. Proposition 3.5. For any x ∈ W , n ∈ N and a biclosed set B in Φ + , the set
Proof. We prove this by induction. Let n = 1 and α ∈ Φ. The set {k|l B (s α+kδ x) = l B (x)−1} is finite by Lemma 3.4. Note that Φ is finite and therefore the proposition holds when n = 1. Now let n = k. Then
since twisted Bruhat order is graded by twisted length function. Now the proposition follows from induction. 
Set of elements of a given length
In this section we consider the set {w ∈ W |l ′ B (w) = n}. In contrast to the situation for ordinary Bruhat order, we will show that such set is infinite in most case. Since l B (w −1 ) = l ′ B (w), this implies the set {w ∈ W |l B (w) = n} is also infinite.
It is convenient to investigate this question in the context of (right) twisted weak Bruhat order < ′ B . In the following two lemmas W is a general finite rank infinite Coxeter group. − wN (v) ). This implies that α ∈ N (w) and −w
w(B). So α ∈ N (w)\−w(B). Take α ∈ (wN (u)\−N (w)\(w(N (v))\−N (w))).
This implies that α ∈ −N (w) and α ∈ w(N (u)\N (v)). Therefore α ∈ w(B)\ − N (w). Therefore we see that N (wu)\N (wv) ⊂ w · B.
Next we show that N (wv)\N (wu) ⊂ Φ + \w · B. Since v ≤ ′ Φ + \B u, the above argument shows that N (wv)\N (wu) ⊂ w · (Φ + \B). But it follows from the formula w · B := (N (w)\w(−B)) ∪ (w(B)\(−N (w))) that w · (Φ + \B) = Φ + \w · B. Therefore we conclude that wu ≤ ′ w·B wv. The above arguments also prove that the inverse map u → w −1 u preserves the order since w −1 · (w · B) = B and hence the lemma is proved. Now let Φ, Ψ + and ∆ be a finite crystallographic root system, a positive system of it and the corresponding simple system respectively. Suppose that ∆ 1 ⊂ ∆. Let Φ ∆1 = R∆ 1 ∩ Φ be the root subsystem generated by ∆ 1 . Then
is a positive system of Φ ∆1 . Let W be the finite Weyl group with the root system Φ and W be the corresponding affine Weyl group. A subset Γ of Φ is said to be Z-closed if for α, β ∈ Γ such that α + β ∈ Φ one has α + β ∈ Γ.
is also a subset of the simple system of (Ψ + \Φ
Proof. Find the element w in the parabolic subgroup generated by s α , α ∈ ∆ 1 such that wΦ Proof. By the characterization of the biclosed sets in Φ, I B = P (Ψ + , ∆ 1 , ∆ 2 ) for some positive system Ψ + and orthogonal subsets ∆ 1 , ∆ 2 of its simple system. By Lemma 4.1 and Theorem 2.5, it suffices to treat the case where I B = P (Ψ + , ∆ 1 , ∆ 2 ) where ∆ 1 and ∆ 2 are both nonempty. Further it suffices to check the case
are isomorphic by Lemma 4.2. We suppose to the contrary that there exists u ∈ W such that us i ⊲ u for all s i simple reflection of W (so u is minimal by the chain property of the twisted weak order).
We write A for A N (u) . The it is Z−closed in Φ by Lemma 3.13 in [18] . We also have A ∩ −A = ∅ by subsection 2.4. Then we deduce that
+ is a positive system in Φ by Lemma 4.3. We denote this positive system by Ξ + . Also by Lemma 4.3 ∆ 1 is a subset of Ξ + 's simple system. Since
Hence by equation 4.4.1 and 4.4.2 we conclude that
The right hand side is the inversion set of an infinite reduced word w by Theorem 2.5.
On the other hand, one has the inclusion N (
Thus we conclude u is minimal under (W, ≤ N (w) ). This contradicts Lemma 4.1.
Similarly one can also prove the poset has no maximal element.
Theorem 4.5. Suppose that W is irreducible and of rank ≥ 3. Let k ∈ Z and let B be an infinite biclosed set in Φ + such that Φ + \B is also infinite. The set {w ∈ W |l ′ B (w) = k} is infinite. Proof. Suppose that to the contrary there exists k ∈ Z, the set {w ∈ W |l ′ B (w) = k} is finite. Suppose that this set is {w 1 , w 2 , · · · , w t }. We show that under right twisted weak order ≤ ′ B any element is either greater than one of w i or less than one of w i (depending whether its twisted length is ≥ or ≤ k).
Let u be an element in W and assume without loss of generality that l Now by Lemma 4.2 we only need to consider the case where
B is empty and is not infinite. Let α ∈ ∆\∆ 1 and ρ be the highest root in Ψ + . Since ∪ i N (w i ) is finite, there must exist some positive roots α + pδ ∈ ∪ i N (w i ) and −ρ + qδ ∈ ∪ i N (w i ). We claim that there exists some v such that N (v) contains −ρ + qδ, α + pδ.
Proof of the claim. Since the rank of Φ is at least two, α = ρ. So −ρ, α ∈ Ω + := Ψ − \{−α} ∪ {α}, which is another positive system. So −ρ + qδ, α + pδ are contained in (Ω + ) ∧ , which is the inversion set of an infinite reduced word. Consequently they are contained in the inversion set of a finite prefix v of this infinite reduced word.
Note that ∆ 2 = ∆ since that will cause B = Φ + = Φ ∧ and then B is cofinite. Therefore −ρ + qδ ∈ B. However α + pδ ∈ B. Therefore v is not comparable to any of w i under the right twisted weak order. Contradiction. Corollary 4.6. Suppose that W is irreducible and of rank ≥ 3. Let B be an infinite biclosed set in Φ + such that Φ + \B is also infinite. Then the twisted weak Bruhat order ( W , ≤ ′ B ) (resp. the twisted strong Bruhat order ( W , ≤ B )) has an infinite antichain.
. Therefore the set {w ∈ W |l ′ B (w) = k} forms an infinite antichain by Theorem 4.5.
5. An example: alcove order of A 2
In this section we provide a clear picture of a specific twisted (strong) Bruhat order. Let W and Φ be of type A 2 . The two simple roots are denoted by α, β. We consider the B-twisted (strong) Bruhat order ( W , ≤ B ) where B = {α, α + β, β} ∧ . Such an order is also called alcove order in [5] . We describe all of its spherical intervals.
In the following Lemma we characterize all covering relations in ( W , ≤ B ).
Lemma 5.1. There are 6 mutually disjoint families of the elements w ∈ W .
(
Proof. It follows from the fact W = W ⋉ T that every element is in one of the six subsets and these six subsets are pairwise disjoint.
One can verify by induction easily that
Now by using the identity N (wu) = (N (w)\w(−N (u))) ∪ (wN (u)\(−N (w))), we compute
The map τ : s α → s β , s β → s α , s δ−α−β → s δ−α−β induces an automorphism of W . From this and above calculation, one sees that l B (t k1α+k2β ) − 2k − 1 = l B (t k1α+k2β s β+kδ ). We compute
).
So we have proved (6) .
Using the map τ and the calculation for the (6), one sees (5). Now we prove (3). We compute
We compute
Using the map τ and the calculation for the s β s α T case, one sees (2). Now we prove (4). We compute
Therefore l B (s α+kδ s α s β s α t k1α+k2β ) = l B (s α s β s α t k1α+k2β ) + 2k + 1.
Using the map τ and the above calculation, one sees that l B (s β+kδ s α s β s α t k1α+k2β ) = l B (s α s β s α t k1α+k2β ) + 2k + 1.
We compute N (t k1α+k2β s α s β s α s α+β+kδ ) = α −k−1+k1− = 4k−k 1 −k 2 . Therefore l B (s α+β+kδ s α s β s α t k1α+k2β ) = l B (s α s β s α t k1α+k2β ) + 4k + 3.
In the next theorem we describe all spherical intervals in ( W , ≤ B ). Finally we draw below part of the Hasse diagram of the poset ( W , ≤ B ) . The numeric sequence a 1 a 2 · · · a t , a i ∈ {1, 2, 3} stands for the reduced expression s a1 s a2 · · · s at where s 1 := s α , s 2 := s β and s 3 := s δ−α−β . The black edge corresponds to a covering relation in the corresponding B-twisted left weak Bruhat order. The blue edge corresponds to the additional covering relation in B-twisted strong Bruhat order. 
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